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In this paper, we investigate theoretically a system consisting of a one dimensional Bose-Einstein
condensate trapped inside the optical lattice of an optical cavity. In the weak-interaction regime
and under the Bogoliubov approximation, the wave function of the Bose-Einstein condensate can be
described by a classical field (condensate mode) having some quantum fluctuations (the Bogoliubov
mode) about the mean value. Such a system behaves as a so-called atomic parametric amplifier,
similar to an optical parametric amplifier, where the condensate and the Bogoliubov modes play
respectively, the roles of the pump field and the signal mode in the degenerate parametric amplifier
and the s-wave scattering frequency of atom-atom interaction plays the role of the nonlinear gain
parameter . We show that using the nonlinear effect of atomic collisions, how one can manipulate
and control the state of the Bogoliubov mode and produce squeezed states.
PACS numbers: 42.50.Dv, 42.50.Wk, 67.85.Hj
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I. INTRODUCTION
The radiation pressure coupling between the optical
field inside an optomechanical cavity and its moving mir-
ror has been employed for a wide range of applications
such as the cooling of the vibrational mode of the mov-
ing mirror to its quantum mechanical ground state [1, 2],
ultrahigh precision measurements [3] and the detection
of gravitational waves [4] and also providing a good ap-
proach for fundamental studies of the transition between
the quantum and the classical world[5–7].
On the other hand, in hybrid systems consisting of a
Bose-Einstein condensate (BEC) trapped inside a high
finesse optical cavity [8–10] interacting dispersively with
the optical field of the cavity, an effective optomechanical
coupling comes into existence in which the fluctuations of
the atomic field of the BEC (the Bogoliubov mode) plays
the role of the vibration mode of the moving mirror in an
optomecanocal cavity. For low photon numbers or in the
weakly interacting regime the dynamics can be restricted
to the first motional mode of the BEC which plays the
role of the mechanical oscillator[11, 12].
Optomechanical systems have also attracted consider-
able attention in connection with quantum state engi-
neering; because of the great possibilities they are ex-
pected to produce nonclassical states of both the me-
chanical oscillator [13] and the cavity field [14]. From
the point of view of quantum mechanics a system which
may be a macroscopic object like the moving mirror of an
optomechanical cavity can be in a coherent superposition
of different quantum states. Recently, due to improved
∗ adalafi@yahoo.co.uk
technology, there has been a growing interest in the pos-
sibility of observing such superposition states, commonly
known as Schro¨dinger cat states [15]. Coherent states of
the electromagnetic field mode inside an opical cavity is
a good candidate for these macroscopic states [16]. Re-
cently, it has been shown the possibility of generating mo-
tional nonlinear coherent states and their superposition
for an undamped vibrating micromechanical membrane
inside an optical cavity [17].
One of the most important characteristics of the op-
tomechanical systems is a kind of inherent nonlinearity
which is due to the mutual interaction between the op-
tical field and the matter inside (the moving mirror or
the atomic ensemble) [18–21]. This nonlinearity leads to
realization of the Kerr effect in such systems [18]. In
hybrid optomechanical systems containing a BEC there
exists another kind of nonlinearity which is due to the
atom-atom interaction. Both kinds of these nonlinear-
ities have considerable effects on the optical properties
of the system like the bistability of the cavity [22] and
the squeezing of the output optical field [23] and also on
the mechanical properties like the cooling process of the
moving mirror [24].
In a previous paper [25] we showed that the nonlin-
ear atom-atom interaction in a hybrid system consisting
of a BEC inside an optical cavity is very similar to the
interaction Hamiltonian of a degenerate parametric am-
plifier (DPA) which can lead to the normal mode splitting
(NMS) phenomenon. In a DPA a pump beam generates a
signal beam by interacting with a χ(2) nonlinearity. This
process has long been considered as an important source
of the squeezed state of the radiation field [26].
In the present paper, we consider a one dimensional
BEC interacting dispersively with the optical field of an
optical cavity. In the weak-interaction regime and us-
2ing the Bogoliubov approximation, the BEC can be de-
scribed by a single mode quantum field (the Bogoliubov
mode) which fluctuates about a classical mean field (con-
densate mode). Such a system behaves as a so-called
atomic parametric amplifier (APA) in which the conden-
sate acts as an atomic pump field and the Bogoliubov
mode plays the role of the signal mode in the DPA. Be-
sides, the s-wave scattering frequency of atom-atom in-
teraction plays the role of the nonlinear gain parameter.
In the absence of damping processes, we calculate the
time evolution of the state vector of the system and show
that the degree of squeezing of the quadratures of the Bo-
goliubov mode can be controlled by the s-wave scattering
frequency of atomic collisions. Since the s-wave scat-
tering frequency is controllable through the transverse
trapping potential [27] then the degree of squeezing of
the Bogoliubov mode becomes controllable.
The paper is structured as follows. In section II we
derive the Hamiltonian of the system and diagonalize it
in two steps. In section III the evolution operator of
the system in the Schro¨dinger picture and in the absence
of damping processes is calculated and then the reduced
density operator of the Bogoliubov mode of the BEC is
derived. In section IV the effect of atomic collisions on
the Q function of the Bogoliubov mode is investigated.
In section V we will show how one can manipulate the
suqeezing degree of the quadratures of the Bogoliubov
mode throught the s-wave scattering frequency. Finally,
our conclusions are summarized in section VI.
II. SYSTEM HAMILTONIAN
As schematically shown in Fig.1, we consider a system
consisting of a BEC of N two-level atoms with mass m0
and transition frequency ωa inside an optical cavity with
length L. The cavity is driven through one of its mirrors
by a laser with frequency ωp, and wavenumber k = ωp/c.
We assume the BEC to be confined in a cylindrically
symmetric trap with a transverse trapping frequency ω⊥
and negligible longitudinal confinement along the x di-
rection [27]. In this way we can describe the dynamics
within an effective one-dimensional model by quantizing
the atomic motional degree of freedom along the x axis
only.
In the dispersive regime where the laser pump is far de-
tuned from the atomic resonance (∆a = ωp −ωa exceeds
the atomic linewidth γ by orders of magnitude), the ex-
cited electronic state of the atoms can be adiabatically
eliminated and spontaneous emission can be neglected
[28]. In the frame rotating at the pump frequency, the
many-body Hamiltonian reads
H = −~∆ca†a+ i~η(a† − a) +
∫ L/2
−L/2
dxΨ†(x)
[−~2
2m0
d2
dx2
+~U0 cos
2(kx)a†a+
1
2
UsΨ
†(x)Ψ(x)
]
Ψ(x). (1)
Here, a is the annihilation operator of the optical field,
FIG. 1. (Color online) N two-level atoms trapped in an opti-
cal cavity interacting dispersively with a single cavity mode.
∆c = ωp − ωc is the cavity-pump detuning, U0 = g20/∆a
is the optical lattice barrier height per photon which rep-
resents the atomic back action on the field, g0 is the vac-
uum Rabi frequency, Us =
4pi~2as
m0
and as is the two-body
s-wave scattering length [28, 29].
In the weakly interacting regime, where U0〈a†a〉 ≤
10ωR (ωR =
ℏk2
2m0
is the recoil frequency of the conden-
sate atoms), and under the Bogoliubov approximation
[12], the atomic field operator can be expanded as
Ψ(x) =
√
N
L
+
√
2
L
cos(2kx)c, (2)
where the first term is the condensate mode which is
considered as a c-number and the operator c in the second
term is the annihilation operator of the Bogoliubov mode.
Substituting this expansion into Eq.(1), we can find the
Hamiltonian of the system in the following form
H = ~δca
†a+~Ωcc†c+
1
4
~ωsw(c
2+c†2)+
√
2
2
~ζa†a(c+c†).
(3)
Here, we have assumed that the external laser drives the
cavity for a limited time until the optical field and the Bo-
goliubov mode are prepared in a coherent and a vacuum
state, respectively and then it is turned off and we let
the system evolves by itself. In Eq.(3) δc = −∆c+ 12NU0
is the cavity effective detuning, Ωc = 4ωR + ωsw the fre-
quency of the Bogoliubov mode, ωsw = 8pi~asN/m0Lw
2
the s-wave scattering frequency and w is the waist of the
optical potential.
The third term of the Hamiltonian (3) corresponds to
the atom-atom interaction and the fourth term is the op-
tomechanical interaction of the Bogoliubov mode with
the radiation pressure of the optical field with the cou-
pling constant ζ = 12
√
NU0.
In a DPA due to the nonlinear interaction of the pump
field with a nonlinear crystal a signal mode in a sqeezed
3state is generated [26]. The interaction Hamiltonian of
such a system is
V = ~G(a†2b+ a2b†), (4)
where the operators b and a are the annihilation opera-
tors of the driving field and the signal mode, respectively
and G is the coupling constant which depends on the
second-order susceptibility tensor that mediates the in-
teraction. In the limit of strong driving field when its
depletion is negligible, it can be considered as a classical
field and therefore the interaction Hamiltonian can be
written as
V = ~Gβp(a†2e−iφ + a2eiφ), (5)
where βp and φ are, respectively, the amplitude and the
phase of the driving field.
As is seen, the interaction Hamiltonian of Eq.(5) is very
similar to the atom-atom interaction in the Hamiltonian
(3) where the Bogoliubov mode c (with zero phase) plays
the role of the signal mode a. Besides, the s-wave scat-
tering frequency (ωsw) plays the role of Gβp in the DPA
Hamiltonian. In this way, we are dealing with an APA
where the condensate mode acts as the driving field and
the Bogoliubov mode acts as the signal mode.
In the following we will diagonalize the Hamiltonian (3)
in two steps and will show that the atom-atom interaction
term is responsible for the generation of squeezed states
in the Bogoliubov mode.
A. The first step of diagonalization
Since the radiation pressure of the optical field on the
Bogoliubov mode acts as a driving field, so in the first
step of diagonalization we use the displacement operator
D(βa†a) = exp
(
βa†a(c† − c)
)
, (6)
where the parameter β is defined as
β =
√
2
2
ζ
Ωc +
1
2ωsw
. (7)
The action of this displacement unitary transformation
on the operators c and c† will give the following results:
c′ = D(βa†a)cD†(βa†a) = c− βa†a, (8a)
c′† = D(βa†a)c†D†(βa†a) = c† − βa†a. (8b)
Transforming the Hamiltonian (3) under the unitary op-
erator (6), one can find
H ′ = D(βa†a)HD†(βa†a),
= ~δca
†a+ ~Ωcc′†c′
+
1
4
~ωsw(c
′2 + c′†2) +
√
2
2
~ζa†a(c′ + c′†). (9)
After substituting Eqs.(8a, 8b) for c′ and c′† in Eq. (9)
the Hamiltonian H ′ reads
H ′ = ~δca†a− ~(Ωc + 1
2
ωsw)β
2(a†a)2 + ~Ωcc†c
+
1
4
~ωsw(c
2 + c†2). (10)
As is seen from this equation, the energy structure of
the cavity-field Hamiltonian, corresponding to the first
two terms in the right hand side of Eq.(10), becomes the
anharmonic one due to the photon-photon interaction in-
duced by the radiation pressure. The Hamiltonian (10)
is diagonal in terms of the creation and annihilation op-
erators of the optical field, while it is not diagonal in
terms of the operators of the Bogoliubov mode due to
the presence of atom-atom interaction term.
B. The second step of diagonalization
In order to diagonalize the Hamiltonian (10) in terms
of the operators of the Bogoliubov mode, c and c†, one
can use the squeezing operator
S(ξ) = exp
(1
2
ξ(c2 − c†2)
)
, (11)
where ξ is the squeezing parameter. Transforming the op-
erators c and c† under this unitary transformation leads
to the following operators:
c′′ = S(ξ)cS†(ξ) = µc+ νc†, (12a)
c′′† = S(ξ)c†S†(ξ) = νc+ µc†, (12b)
where µ = cosh ξ and ν = sinh ξ are defined in terms of
the squeezing parameter ξ.
The squeezing parameter should be so evaluated that
the squeezing operator S(ξ) diagonalizes the Hamiltonian
(10). If the unitary transformation S(ξ) is applied to
Eq.(10), then the Hamiltonian in Eq.(10) becomes
H ′′ = S(ξ)H ′S†(ξ),
= ~δca
†a− ~(Ωc + 1
2
ωsw)β
2(a†a)2
+~Ωcc
′′†c′′ +
1
4
~ωsw(c
′′2 + c′′†2). (13)
By using Eqs.(12a,12b), the Hamiltonian of Eq.(13) takes
the following form
H ′′ = ~
[
Ωc(µ
2 + ν2) + µνωsw)
]
c†c
+~
[
µνΩc +
1
4
ωsw(µ
2 + ν2)
]
(c2 + c†2)
+~δca
†a− ~(Ωc + 1
2
ωsw)β
2(a†a)2 + E0. (14)
In this Hamiltonian E0 = ~Ωcν2+ 12~ωswµν is a constant
which has no effect on the dynamics of the system. On
the other hand, the term in the square brackets of the first
term of the Hamiltonian (14) is the effective frequency
4of the Bogoliubov mode which we will denote it by the
new parameter Ω′c. Furthermore, in order to bring the
Hamiltonian (14) into the diagonal form, the term in the
square brackets in the second line of Eq.(14) should be
equal to zero. In this way, we will have the following
system of algebraic equations:
Ωc(µ
2 + ν2) + ωswµν = Ω
′
c, (15a)
Ωcµν +
1
4
ωsw(µ
2 + ν2) = 0, (15b)
µ2 − ν2 = 1, (15c)
With this system of algebraic equations the Hamiltonian
H ′′ takes a diagonal form in terms of the operators c and
c† as follows:
H ′′ = ~Ω′cc
†c+ ~δca†a− ~(Ωc + 1
2
ωsw)β
2(a†a)2. (16)
Solving the system of algebraic equations for the pa-
rameters µ and ν, they are obtained as
µ =
1√
2
√
Ωc
Ω′c
+ 1, (17a)
ν =
1√
2
√
Ωc
Ω′c
− 1, (17b)
where the effective frequency of the Bogoliubov mode Ω′c
is
Ω′c =
√
Ω2c −
1
4
ω2sw,
=
√(
4ωR +
1
2
ωsw
)(
4ωR +
3
2
ωsw
)
. (18)
In this way using Eqs.(17a, 17b), one can obtain the
squeezing parameter ξ = cosh−1 µ = sinh−1 ν.
Therefore using the two unitary transformations, i.e.,
the displacement and the squeezing operators [Eqs.(6),
(11)], and based on Eqs.(13),(9) the Hamiltonian of the
system can be transformed into the diagonalized Hamil-
tonian:
H ′′ = S(ξ)D(βa†a)HD†(βa†a)S†(ξ). (19)
III. DYNAMICS OF THE SYSTEM
In this section we are going to study the time evolu-
tion of the state vector of the system in the Schro¨dinger
picture in the absence of any damping processes i.e., the
time interval in which we observe the system is smaller
than the decoherence times of both the optical and the
atomic fields.
In order to obtain the time evolution of the state vector
of the system in the Schro¨dinger picture we need to cal-
culate the time evolution operator U(t) = exp
(
− it
~
H
)
.
However, since the Hamiltonian H is not diagonal we use
Eq.(19) to writ it in terms of the diagonalized Hamilto-
nian H ′′ in the following form:
H = D†(βa†a)S†(ξ)H ′′S(ξ)D(βa†a). (20)
Defining the unitary operator X = S(ξ)D(βa†a) and us-
ing Eq.(20) the time evolution operator can be written
as follows:
U(t) = exp
(
− it
~
X†H ′′X
)
,
= X† exp
(
− it
~
H ′′
)
X,
= D†(βa†a)S†(ξ) exp
(
− it
~
H ′′
)
S(ξ)D(βa†a).
(21)
In the second line we have used the operator theorems
[30]. Since H ′′ is diagonal, calculation of the exponential
function appeared in the last line of Eq.(21) is straight-
forward.
A. Evolution of the state vector of the system
Now using the time evolution operator in the form ob-
tained in Eq.(21) we can investigate the time evolution of
the state vector of the system. If we assume the optical
field of the cavity and the Bogoliubov mode of the BEC
have been initially prepared, respectively, in a coherent
and a vacuum state, then the initial state vector of the
system is |ψ(0)〉 = |α〉a ⊗ |0〉c where the indices a and c
refer to the optical field of the cavity and the Bogoliubov
mode of the condensate, respectively.
In a previous paper [22], we showed that by controlling
the detuning between the frequencies of the laser pump
and the cavity resonance, the fluctuation in the number
of atoms in the Bogoliubov mode can be minimized. If
it reduces to values below unity, one can conclude that
the Bogoliubov mode has been prepared in the vacuum
state.
Therefore, the time evolution of the state vector of the
system can be evaluated as follows:
|ψ(t)〉 = U(t)|ψ(0)〉,
= D†(βa†a)S†(ξ)e−
it
~
H′′S(ξ)D(βa†a)|ψ(0)〉.
(22)
By expanding the coherent state of the optical field in
terms of number states, the state vector of the system
can be written as
|ψ(t)〉 = e− 12 |α|2
∞∑
n=0
αn√
n!
D†(βa†a)S†(ξ)
×e− it~ H′′ |n〉a ⊗ |βn, ξ〉c, (23)
where |βn, ξ〉c = S(ξ)D(βn)|0〉c is a squeezed coherent
state of the Bogoliobov mode (c) of the condensate. By
5substituting the right hand side of Eq.(16) for H ′′ in the
above equation we will have:
|ψ(t)〉 = e− 12 |α|2
∞∑
n=0
αn√
n!
e−inδcteiβ
2n2(Ωc+
1
2
ωsw)t|n〉a
⊗D†(βn)S†(ξ)e−iΩ′ctc†c|βn, ξ〉c. (24)
Here, we have used the eigenvalue equation a†a|n〉a =
n|n〉a. The last expression in this equation, i.e.,
e−iΩ
′
ctc
†c|βn, ξ〉c denotes the free evolution of a squeezed
coherent sate which is given by [Appendix A]:
e−iΩ
′
ctc
†c|βn, ξ〉c = |βne−iΩ
′
ct, ξe−i2Ω
′
ct〉c. (25)
Using this equation, the state vector of the system at
time t reads
|ψ(t)〉 = e− 12 |α|2
∞∑
n=0
αn√
n!
e−inδcteiβ
2n2(Ωc+
1
2
ωsw)t|n〉a,
⊗D†(βn)S†(ξ)|βne−iΩ′ct, ξe−i2Ω′ct〉c. (26)
B. The reduced density operator of the Bogoliubov
mode
In order to determine the reduced density operator of
the Bogoliubov mode, we first construct the density op-
erator of the total system ρ(t) = |ψ(t)〉〈ψ(t)| where |ψ(t)〉
is given by Eq.(26). Then, taking trace over the degrees
of freedom of the optical field, i.e., ρc(t) = tra[ρ(t)], the
reduced density operator of the Bogoliubov mode is ob-
tained as follows:
ρc(τ) = e
−|α|2
∞∑
n=0
|α|2n
n!
|φn,ξ(τ)〉〈φn,ξ(τ)|, (27)
where the state vector |φn,ξ(τ)〉 which is a vector in the
Hilbert space of the Bogoliobov mode is defined as
|φn,ξ(τ)〉 = D†(βn)S†(ξ)|βne−iτ , ξe−i2τ 〉. (28)
Here, the time t has been replaced with the dimensionless
time τ = Ω′ct. Besides, since the degrees of freedom of
the optical field, i.e., operators a and a†, are not present
in these equations and from now on we just deal with
the degrees of freedom of the Bogoliubov mode, so we no
longer need to retain the index c for identification of the
state vectors of the Bogoliubov mode and therefore we
have deleted it.
IV. Q FUNCTION OF THE BOGOLIUBOV
MODE
Using the reduced density operator of the Bogoliubov
mode, one can calculate any of the distribution functions
of this mode. Here, we consider the temporal behaviour
of the Q function [31] of this mode and investigate the
effect of atom-atom interaction on the shape of this func-
tion. The Q function of the mode c is defined as
Qc(γ, τ) =
1
pi
〈γ|ρc(τ)|γ〉, (29)
where γ is a c-number. Substituting the right hand side of
Eq.(27) for ρc(τ) in the above equation, the Qc function
reads:
Qc(γ, τ) =
1
pi
e−|α|
2
∞∑
n=0
|α|2n
n!
|〈γ|φn,ξ(τ)〉|2. (30)
The inner product 〈γ|φn,ξ(τ)〉 can be evaluated as fol-
lows:
〈γ|φn,ξ(τ)〉 = 〈γ|D†(βn)S†(ξ)|βne−iτ , ξe−i2τ 〉,
= eiβnγI 〈βn+ γ, ξ|βne−iτ , ξe−i2τ 〉,(31)
where γI is the imaginary part of γ. Therefore, the Q
function of the Bogoliubov mode is obtained as
Qc(γ, τ) =
1
pi
e−|α|
2
∞∑
n=0
|α|2n
n!
|〈βn+γ, ξ|βne−iτ , ξe−i2τ 〉|2.
(32)
In order to see the behaviour of this function in the
course of time, we calculate it at the initial time (τ = 0)
and also at τ = pi/2. The Q function of the Bogoliubov
mode at the initial time is obtained as follows
Qc(γ, τ = 0) =
1
pi
e−|γ|
2
. (33)
To obtain the function Qc at τ = pi/2 we need to calcu-
late the inner product inside the absolute value in Eq.(32)
which we will denote it by f :
f = 〈βn+ γ, ξ|βne−iπ2 , ξe−ipi〉
= 〈βn+ γ, ξ| − iβn,−ξ〉. (34)
Using the definition of squeezed states, f can be written
in the following form
f = 〈βn+ γ|S†(ξ)S(−ξ)| − iβn〉
= 〈βn+ γ|S(−2ξ)| − iβn〉
= 〈βn+ γ| − iβn,−2ξ〉
= 〈βn+ γ| − iβn, 2ξeipi〉. (35)
The last line in the above equation is the inner product of
a squeezed and a coherent state which can be calculated
[33]. In this way |f |2 is obtained as follows
|f |2 = 1
µ′
exp
[
(
ν′
µ′
− 1)γ2R − (
ν′
µ′
+ 1)γ2I + 2βn(
ν′
µ′
− 1)γR
−2βn
µ′
γI + 2(
ν′
µ′
− 1)β2n2
]
, (36)
where, by definition, µ′ = cosh 2ξ and ν′ = sinh 2ξ. Sub-
stituting this expression for the squared absolute value
6in Eq.(32), the function Qc at the instant τ = pi/2 is
obtained as follows
Qc(γ, τ =
pi
2
) =
1
piµ′
e
−|α|2+( ν′
µ′
−1)γ2R−( ν
′
µ′
+1)γ2I
∞∑
n=0
1
n!
|α|2ne2βn( ν
′
µ′
−1)γR−2 βnµ′ γI+2( ν
′
µ′
−1)β2n2
.
(37)
In order to examine the effect of atom-atom interac-
tion on the behaviour of the Q function of the Bogoliubov
mode we have plotted the function Qc(γ, τ) in Fig.2 at
the times τ = 0 and τ = pi/2 [Eqs.(33) and (37)] for
ωsw = 20ωR. For this purpose, we have obtained our
results based on the experimentally feasible parameters
given in Ref.[32] in which the number of N = 105 Ru-
bidium atoms distributed in the optical cavity of length
L = 178µm with bare resonance frequency ωc corre-
sponding to a wavelength of λ = 780nm. The atom-
field coupling constant g0 = 2pi× 14.1MHz, the detuning
between the pump laser and the atomic transition fre-
quencies ∆a = 2pi × 58GHz, and the scattering length of
Rubidium atoms as = 5nm. Besides, we have assumed
that the intensity of the optical field inside the cavity is
|α|2 = 0.01.
In Fig.2(a) the Qc function has been plotted at the ini-
tial time [Eq.(33)]. As is seen, the shape of this function
in the phase space is completely symmetric and its cross
section is circular. It is due to the fact that the initial
state of the Bogoliubov mode has been considered to be
a vacuum state. On the other hand, Fig.2(b) shows the
Qc function at the time τ = pi/2 [Eq.(37)]. As is seen,
the cross section of this function has been squeezed along
the γI axsis due to the nonlinear effect of atom-atom in-
teraction.
V. THE EFFECT OF ATOMIC COLLISIONS ON
THE QUADRATURE SQUEEZING OF THE
BOGOLIUBOV MODE
The quadratures of the Bogoliubov mode are defined
as the operators q = 1√
2
(c + c†) and p = 1√
2i
(c − c†)
which obey the commutation relation [q, p] = i. If the
state of the system is squeezed then the quantum fluctu-
ations in one of these quadratures reduce at the expense
of increasing fluctuations in the other one. The degree
of squeezing in these quadratures are defined in terms of
the squeezing parameters
Sq(τ) = 2〈(∆q)2〉 − 1, (38a)
Sp(τ) = 2〈(∆p)2〉 − 1, (38b)
where 〈(∆q)2〉 = 〈q2〉−〈q〉2 and 〈(∆p)2〉 = 〈p2〉−〈p〉2 are
the quantum uncertainties. When Si(τ) < 0(i = p, q),
the corresponding state is a squeezed one.
Using the definition of quadratures and their uncer-
tainties, the squeezed parameters [Eqs.(38a, 38b)] can be
FIG. 2. (Color online) The Q function of the Bogoliubov
mode for (a) τ = 0 and (b) τ = pi/2. The s-wave scattering
frequency of atomic collisions is ωsw = 20ωR and the inten-
sity of the optical field inside the cavity is |α|2 = 0.01. The
values of other parameters have been chosen based on the
experimental data given in Ref.[32].
written in terms of the creation and annihilation opera-
tors of the Bogoliubov mode as follows:
Sq(τ) =
[
〈c2〉+ 〈c†2〉 − 〈c〉2 − 〈c†〉2
]
+2
[
〈c†c〉 − 〈c〉〈c†〉
]
, (39a)
Sp(τ) = −
[
〈c2〉+ 〈c†2〉 − 〈c〉2 − 〈c†〉2
]
+2
[
〈c†c〉 − 〈c〉〈c†〉
]
. (39b)
A. Calculation of 〈c〉 and 〈c†〉
Using the reduced density operator of the Bogoliubov
mode [Eq.(27)], the expectation value of the annihilation
operator can be calculated by the relation 〈c〉 = tr[ρcc].
The expectation value of the creation operator can be
7obtained by the relation 〈c†〉 = 〈c〉∗.
〈c〉 = tr
[
e−|α|
2
∞∑
n=0
|α|2n
n!
|φn,ξ(τ)〉〈φn,ξ(τ)|c
]
= e−|α|
2
∞∑
n=0
|α|2n
n!
〈φn,ξ(τ)|c|φn,ξ(τ)〉 (40)
In order to calculate this summation we first need to
evaluate 〈c〉φ = 〈φn,ξ(τ)|c|φn,ξ(τ)〉. By using Eq.(28) for
|φn,ξ(τ)〉 one gets
〈c〉φ = 〈 s|S(ξ)D(βn)cD†(βn)S†(ξ)|s〉
= 〈 s|S(ξ)cS†(ξ)− βn|s〉
= 〈s|µc+ νc† − βn|s〉
= µ〈c〉s + ν〈c†〉s − βn, (41)
where we have represented |βne−iτ , ξe−i2τ 〉 by the state
vector |s〉. In the second line we have used Eqs.(8a, 8b)
with the substitution n for a†a and in the third line we
have made use of Eqs.(12a, 12b). Now we should calcu-
late 〈c〉s:
〈c〉s = 〈βne−iτ , ξe−i2τ |c|βne−iτ , ξe−i2τ 〉
= 〈βne−iτ |S†(ξe−2iτ )cS(ξe−2iτ )|βne−iτ 〉
= 〈βne−iτ |µc− νe−2iτ c†|βne−iτ 〉. (42)
In the third line we have used the unitary transformation
S†(reiθ)cS(reiθ) = µc−νeiθc†. Now, using the eigenvalue
equation c|βne−iτ 〉 = βne−iτ |βne−iτ 〉 , we will have:
〈c〉s = βn(µ− ν)e−iτ = 〈c†〉∗s. (43)
Using Eqs.(43) and (41) the expectation values 〈c〉 and
〈c†〉 are obtained as follows
〈c〉 = β|α|2
[
(µ− ν)(µe−iτ + νeiτ )− 1
]
, (44a)
〈c†〉 = β|α|2
[
(µ− ν)(µeiτ + νe−iτ )− 1
]
. (44b)
B. Calculation of 〈c2〉 and 〈c†2〉
The expectation value 〈c2〉 is calculated from the rela-
tion 〈c2〉 = tr[ρcc2] and then 〈c†2〉 will be obtained from
its complex conjugate, i.e., 〈c†2〉 = 〈c2〉∗. In this way,
using the reduced density operator [Eq.(27)] the expec-
tation value 〈c2〉 is calculated in the following way:
〈c2〉 = tr
[
e−|α|
2
∞∑
n=0
|α|2n
n!
|φn,ξ(τ)〉〈φn,ξ(τ)|c2
]
= e−|α|
2
∞∑
n=0
|α|2n
n!
〈φn,ξ(τ)|c2|φn,ξ(τ)〉. (45)
Now, using the definition of the state vector |φn,ξ(τ)〉
given in Eq.(28) the averaged value appeared in the above
summation, i.e., 〈c2〉φ = 〈φn,ξ(τ)|c2|φn,ξ(τ)〉 can be cal-
culated from the following relation
〈c2〉φ = 〈βne−iτ , ξe−i2τ |Xc2X†|βne−iτ , ξe−i2τ 〉, (46)
where the operator X = S(ξ)D(βn) . Using the unitary
property of this operator one can substitute (XcX†)2 for
Xc2X† in the above relation. Therefore, we should first
calculate XcX† in the following way
XcX† = S(ξ)D(βn)cD†(βn)S†(ξ)
= S(ξ)(c− βn)S†(ξ)
= µc+ νc† − βn. (47)
In the second and third lines we have used respec-
tively, the transformations (8) and (12). Now, substi-
tuting the square of the right hand side of the above
equation for Xc2X in Eq.(46) and using the definition
|s〉 = |βne−iτ , ξe−2iτ 〉 we will have
〈c2〉φ = 〈s|(XcX†)2|s〉
= 〈s|(µc+ νc† − βn)2|s〉
= µ2〈c2〉s + ν2〈c†2〉s + µν + 2µν〈c†c〉s
−2µβn〈c〉s − 2νβn〈c†〉s + β2n2. (48)
In order to obtain the right hand side of Eq.(48) we
need to have all the averaged values in the state |s〉. We
have already obtained the averaged values 〈c〉s and 〈c†〉s.
Now, we should calculate 〈c2〉s and 〈c†c〉s. For the former
we act as follows
〈c2〉s = 〈βne−iτ , ξe−i2τ |c2|βne−iτ , ξe−i2τ 〉
= 〈βne−iτ |S†(ξe−2iτ )c2S(ξe−2iτ )|βne−iτ 〉
= 〈βne−iτ |
(
S†(ξe−2iτ )cS(ξe−2iτ )
)2
|βne−iτ 〉
= 〈βne−iτ |(µc− νe−2iτ c†)2|βne−iτ 〉. (49)
Here, all the steps of calculation are similar to those done
for 〈c〉s. By expanding the squared experssion in last
line and noting that |βne−iτ 〉 is the eigenvector of the
operator c the following result is obtained:
〈c2〉s =
[
β2n2(µ− ν)2 − µν
]
e−2iτ . (50)
On the other hand, to obtain 〈c†c〉s we have
〈c†c〉s = 〈βne−iτ , ξe−i2τ |c†c|βne−iτ , ξe−i2τ 〉
= 〈βne−iτ |S†(ξe−2iτ )c†cS(ξe−2iτ )|βne−iτ 〉
= 〈βne−iτ |S†c†SS†cS)|βne−iτ 〉
= 〈βne−iτ |(µc† − νe2iτ c)
×(µc− νe−2iτ c†)|βne−iτ 〉. (51)
Then, by expanding the expression in the last two lines
and using the eigenvalue equations for c and c† the ex-
pectation value 〈c†c〉s can be obtained as follows
〈c†c〉s = β2n2(µ− ν)2 + ν2. (52)
8Now, substituting the derived expectation values in the
state |s〉 in Eq.(48), 〈c2〉φ is obtained as follows
〈φn,ξ(τ)|c2|φn,ξ(τ)〉 = β2n2f1 + f2, (53)
where f1 and f2 have been defined as
f1 = (µ− ν)2(µ2e−2iτ + ν2e2iτ ) + 2µν(µ− ν)2
−2(µ− ν)(µe−iτ + νeiτ ) + 1, (54a)
f2 = −µν(µ2e−2iτ + ν2e2iτ ) + µν + 2µν3. (54b)
In this way the expectation value 〈c2〉 and its complex
conjugate are derived as follows
〈c2〉 = |α|2(1 + |α|2)β2f1 + f2, (55a)
〈c†2〉 = |α|2(1 + |α|2)β2f∗1 + f∗2 . (55b)
C. Calculation of 〈c†c〉
In the final step we need to calculate 〈c†c〉. This ex-
pectation value is obtained from the relation 〈c†c〉 =
tr[ρcc
†c] in the following form:
〈c†c〉 = tr
[
e−|α|
2
∞∑
n=0
|α|2n
n!
|φn,ξ(τ)〉〈φn,ξ(τ)|c†c
]
= e−|α|
2
∞∑
n=0
|α|2n
n!
〈φn,ξ(τ)|c†c|φn,ξ(τ)〉. (56)
Using the definition of the state vector |φn,ξ(τ)〉 [Eq.(28)]
the expectation value 〈c†c〉φ = 〈φn,ξ(τ)|c†c|φn,ξ(τ)〉 can
be calculated:
〈c†c〉φ = 〈βne−iτ , ξe−i2τ |Xc†cX†|βne−iτ , ξe−i2τ 〉, (57)
where as before the operator X has been defined as X =
S(ξ)D(βn). By using the unitarity of the operator X
and applying Eq.(47) we get
Xc†cX† = Xc†X†XcX†
= (νc+ µc† − βn)(µc+ νc† − βn),
= µν(c2 + c†2) + (µ2 + ν2)c†c
−βn(µ+ ν)(c+ c†) + β2n2 + ν2. (58)
Substituting this expression into Eq.(57) we will have
〈c†c〉φ = µν(〈c2〉s + 〈c†2〉s) + (µ2 + ν2)〈c†c〉s
−βn(µ+ ν)(〈c〉s + 〈c†〉s) + β2n2 + ν2. (59)
Now, using the the averaged values 〈c〉s, 〈c2〉s and their
complex conjugate that have been already calculated, we
can obtain 〈c†c〉φ in the following form
〈φn,ξ(τ)|c†c|φn,ξ(τ)〉 = β2n2f3 + f4, (60)
where f3 and f4 have been defined as follows
f3 = 2µν(µ− ν)2 cos 2τ + (µ2 + ν2)(µ− ν)2
−2 cos τ + 1, (61a)
f4 = −2µ2ν2 cos 2τ + ν2(µ2 + ν2) + ν2. (61b)
By substituting Eq.(60) into Eq.(56) we finally arrive at
〈c†c〉 = β2f3|α|2(1 + |α|2) + f4. (62)
D. Dynamical behaviour of the squeezing
parameters for the Bogoliubov mode
The squeezing parameters have been obtained in terms
of the averaged values of the operators c and c† in
Eqs.(39a, 39b). Now using the expressions obtained for
these averaged valued the squeezing parameters are ob-
tained as follows:
Sq(τ) = 4β
2|α|2(1− cos τ)2
+2ν(µ+ ν)
[
1− (µ+ ν)(µ cos 2τ − ν)
]
,(63a)
Sp(τ) = 4β
2|α|2(µ− ν)4 sin2(τ)
+2ν(µ− ν)
[
(µ− ν)(µ cos 2τ + ν)− 1
]
.(63b)
These are functions of µ and ν which depend on the
nonlinearity parameter ωsw through Eqs.(17a, 17b) and
(18). If the nonlinearity parameter is zero (ωsw = 0)
then based on Eq.(18) we have Ω′c = Ωc. Substituting
this in Eqs.(17a, 17b) the values of µ and ν are obtained
as µ = 1 and ν = 0. In this way, in the absence of the
nonlinear effect of atom-atom interaction the squeezing
parameters are obtained in the following forms:
Sp(τ)|ωsw=0 = 4β2|α|2 sin2 τ, (64a)
Sq(τ)|ωsw=0 = 4β2|α|2(1 − cos τ)2. (64b)
These equations show clearly that in the absence of
the nonlinear effects of atomic collisions the values of the
both squeezing parameters are always positive. In the
other words, when the nonlinearity parameter is zero the
squeezing property of the Bogoliubov mode disappears.
In Fig.(3) the squeezing parameters corresponding to
the quadratures of the Bogoliubov mode in the absence
of the nonlinear effect of atomic collisions [Eqs(64a, 64b)]
have been plotted versus the dimensionless time τ . The
values of the parameters in this figure, just like those of
Fig.(2), have been chosen based on the experimental data
of Ref.[32].
On the other hand, considering the nonlinear effect of
atom-atom interaction, i.e., when ωsw 6= 0, the param-
eters µ and ν are both nonzero and based on Eqs.(63a,
63b) the squeezing property appears in the Bogoliubov
mode. In Fig.4 the squeezing parameters have been plot-
ted versus the dimensionless time τ for different nonzero
values of the s-wave scattering parameter. In Fig.4(a) the
parameter Sq(τ) [Eq.(63a)] and in Fg.4(b) the parameter
Sp(τ) [Eq.(63b)] have been plotted for ωsw = 5ωR (blue
line), ωsw = 10ωR (purple line), ωsw = 15ωR (brown
line) and ωsw = 20ωR (green line).
As is seen from these figures, Sq(τ) is always posi-
tive for all values of the s-wave scattering frequency. It
means that the squeezing property does not appear in the
quadrature q. Instead, the squeezing parameter Sp(τ) for
ωsw > 10ωR is always negative which means that the in-
crease of the nonlinearity parameter (the s-wave scatter-
ing frequency of atomic collisions) causes the squeezing
property to appear in the quadrature p.
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FIG. 3. (Color online) The squeezing parameters Sq (blue
line) and Sp (purple line) versus the dimensionless time τ for
ωsw = 0. The values of the other parameters have been chosen
based on the experimental data of Ref.[32] just like those of
Fig.2
VI. CONCLUSION
In conclusion, we we have introduced a physical scheme
that allows one to generate and control the nonclassi-
cal squeezed states in the Bogoliubov mode of a one-
dimensional Bose-Einstein condensate trapped inside the
optical lattice of a cavity which interacts dispersively
with the optical field of the cavity.
In the weak-interaction regime and in the Bogoliubov
approximation, the atomic field of the BEC can be de-
scribed by a single mode quantum field in a simple op-
tomechanical model in which the quantum fluctuations
of the atomic field (Bogoliubov mode) is coupled to the
radiation pressure of the optical field of the cavity.
Using the similarity between the atomic interaction in
the present model and the interaction potential of a DPA,
we have shown that the condensate and the Bogoliubov
modes in this hybrid system play, respectively, the roles
of the pump field and the signal mode in the DPA sys-
tem. In fact, as the nonlinear property of the crystal in
the DPA system causes the manifestation of quadrature
squeezing in the signal mode, in the same way the non-
linear effect of atom-atom interaction in the BEC can
lead to the generation of squeezing property in the Bo-
goliubove mode of the BEC.
Therefore, the hybrid system under consideration be-
haves just like a parametric amplifier in which the s-wave
scattering frequency plays the role of the nonlinear gain
parameter. Since the s-wave scattering frequency is con-
trollable by the transverse harmonic potential confining
the BEC, so the degree of squeezing of the Bogoliubov
mode can be effectively controlled.
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FIG. 4. (Color online) (a) the squeezing parameter Sq and
(b) the squeezing parameter Sp versus the dimensionless time
τ for different values of the s-wave scattering frequency. The
values of the other parameters have been chosen based on the
experimental data of Ref.[32] just like those of Fig.2
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Appendix A: The free evolution of a squeezed
coherent state
In this appendix we derive the free evolution of a
squeezed sate [34, 35]. Let us consider a free field de-
scribed by the Hamiltonian H = ~ωcc
†c and assume that
the system has been prepared in an initial squeezed co-
herent state |β, ξ〉 = S(ξ)D(β)|0〉 where ξ = reiθ is the
squeezing parameter, the state |β〉 is the eigenstate of the
annihilation operator c, i.e., c|β〉 = β|β〉, and |0〉 is the
vacuum state of the field. The displacement and squeez-
ing operators is defined as
D(β) = eβc
†−β⋆c, (A1a)
S(ξ) = e
1
2
(ξ⋆c2−ξc†2), (A1b)
where ξ and β are c-numbers. We are going to obtain the
state vector of the system at time t which can be written
as follows
|β, ξ〉t = e−iωctc
†c|β, ξ〉. (A2)
For this purpose we should first consider the transforma-
tion of the operators c and c† under the unitary operator
S(ξ) which are given in the following form:
c′ = S(ξ)cS†(ξ) = µc+ νeiθc†, (A3a)
c′† = S(ξ)c†S†(ξ) = νe−iθc+ µc†. (A3b)
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Noting the definition of a squeezed coherent state as
|β, ξ〉 = S(ξ)|β〉 we can derive the action of the trans-
formed operator c′ on the state |β, ξ〉 as
c′|β, ξ〉 = S(ξ)cS†(ξ)S(ξ)|β〉 = S(ξ)c|β〉
= βS(ξ)|β〉 = β|β, ξ〉. (A4)
Substituting for c′ from Eq.(A3a) in the above equation
we obtain:
(µc+ νeiθc†)|β, ξ〉 = β|β, ξ〉. (A5)
Based on this equation |β, ξ〉 is an eigenstate of the anni-
hilation operator c′ = µc+ νeiθc† with the eigenvalue β.
Now we want to show that |β, ξ〉t is the eigenstate of the
operator C ≡ µeiωctc + νeiθe−iωctc†. For this purpose
we should determine the action of this operator on the
mentioned state vector:
C|β, ξ〉t = Ce−iωctc
†c|β, ξ〉
= e−iωctc
†ce+iωctc
†cCe−iωctc
†c|β, ξ〉. (A6)
Now noting that
e+iωctc
†cce−iωctc
†c = ce−iωct, (A7a)
e+iωctc
†cc†e−iωctc
†c = c†e+iωct, (A7b)
we will have
e+iωctc
†cCe−iωctc
†c = (µc+ νeiθc†). (A8)
Substituting this result in Eq.(A6) we will have
C|β, ξ〉t = e−iωctc
†c(µc+ νeiθc†)|β, ξ〉
= βe−iωctc
†c|β, ξ〉
= β|β, ξ〉t. (A9)
As is seen from Eq.(A9), |β, ξ〉t is the eigenstate of the
operator C with the eigenvalue β. Now, multiplying both
sides of Eq.(A9) by e−iωct we will have
e−iωctC|β, ξ〉t = e−iωct(µeiωctc+ νeiθe−iωctc†)|β, ξ〉t
= (µc+ νei(θ−2ωct)c†)|β, ξ〉t
= βe−iωct|β, ξ〉t. (A10)
On the other hand comparing this equation with
Eq.(A5) which can be rewritten in the following form
(µc+ νeiθc†)|β, reiθ〉 = β|β, reiθ〉, (A11)
one can conclude that |β, ξ〉t is a squeezed coherent state:
|β, ξ〉t = |βe−iωct, ξe−i2ωct〉. (A12)
In this way considering Eqs.(A2) and (A12) one goes
to the conclusion that the free evolution of an initial
squeezed coherent state is given as follows
e−iωctc
†c|β, ξ〉 = |βe−iωct, ξe−i2ωct〉. (A13)
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